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Abstrat
Higher dimensional super symmetry has been analyzed in terms of
quaternion variables and the theory of quaternion harmoni osillator has
been analyzed. Supersymmertization of quaternion Dira equation has
been developed for massless,massive and interating ases inluding gen-
eralized eletromagneti elds of dyons. Aordingly higher dimensional
super symmetri gauge theories of dyons are analyzed.
1 Introdution
Quaternions were very rst example of hyper omplex numbers having the sig-
niant impats on mathematis & physis [1℄ . Beause of their beautiful
and unique properties quaternions attahed many to study the laws of nature
over the eld of these numbers. Quaternions are already used in the ontext
of speial relativity [2℄, eletrodynamis [3, 4℄, Maxwell's equation[5℄, quantum
mehanis[6, 7℄, Quaternion Osillator[8℄, gauge theorie [9, 10℄ , Supersymme-
try [11℄and many other branhes of Physis[12℄ and Mathematis[13℄.On the
other hand supersymmetry (SUSY) is desribed as the symmetry of bosons and
fermions[14, 15, 16℄. Gauge Hierarhy problem, not only suggests that the SUSY
exists but put an upper limit on the masses of super partners[17, 18℄. The exat
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SUSY implies exat fermion-boson masses, whih has not been observed so far.
Hene it is believed that supersymmetry is an approximate symmetry and it
must be broken [19, 20℄. We have onsidered following two motivations to study
the higher dimensional supersymmetri quantum mehanis[21℄ over the eld of
Quaternions.
1. Supersymmetri eld theory an provide us realisti models of partile
physis whih do not suer from gauge hierarhy problem and role of quaternions
will provide us simplex and ompat alulation aordingly.
2. Quaternions super symmetri quantum mehanis an give us new window
to understand the behavior of supersymmetri partners and mehanism of super
symmetry breaking et.
3. Quaternions are apable to deal the higher dimensional struture and
thus inlude the theory of monopoles and dyons.
Keeping these fats in mind and to observe the role of quaternions in super-
symmetry, the theory of quaternion harmoni osillator has been analyzed for
the systems of bosons and fermions respetively in terms of ommutation and
anti ommutation relations. Eigen values of partile Hamiltonian and number
operators are alulated by imposing the restrition on the omponent of quater-
nion variables. Aordingly, the super harges are alulated and it is shown
that the Hamiltonian operator ommutes with the super harges representing
the onversion of a fermioni state to a bosoni state and vie versa. Quaternion
reformulation of N= 1 , 2 and 4 dimension supersymmetry has been investigated
in terms of superharges and super partner potential and quaternion mehanis
has also been analyzed in terms of omplex and quaternion quantum mehanis
for N = 2 and N = 4 SUSY respetively. It has been shown that elegant frame
work of quaternion quantum mehanis inludes non Abelian gauge struture in
ontradition to omplex quantum mehanis of supersymmetry orresponding
to N= 2, omplex and N= 4 real dimension of supersymmetry.
2 Denition
A quaternion φ is expressed as
φ = e
0
φ0 + e1φ1 + e2φ2 + e3φ3 (1)
Where φ0, φ1, φ2, φ3are the real quartets of a quaternion and e0, e1, e2, e3 are
alled quaternion units and satises the following relations,
e20 = e0 = 1
e0ei = eie0 = ei(i = 1, 2, 3)
eiej = −δij + εijkek(i, j, k = 1, 2, 3) (2)
The quaternion onjugate φ¯ is then dened as
φ¯ = e
0
φ0 − e1φ1 − e2φ2 − e3φ3 (3)
2
Here φ0is real part of the quaternion dened as




Re φ = φ0 = 0 , then φ = −φ¯ and imaginary φ is alled pure quaternion and is
written as
Im φ = e1φ1 + e2φ2 + e3φ3 (5)
The norm of a quaternion is expressed as






3 ≥ 0 (6)




While the quaternion onjugation satises the following property
(φ1φ2) = φ¯2φ¯1 (8)
The norm of the quaternion (6) is positive denite and enjoys the omposi-
tion law
N(φ1φ2) = N(φ1)N(φ2) (9)





its vetor part and φ0is its salar part. The sum and produt of two quaternions
are
(α0,
−→α ) + (β0,−→β ) = (α0 + β0,−→α +−→β )
(α0,
−→α ) (β0,−→β ) = (α0β0 −−→α .−→β , α0−→β + β0−→α +−→α ×−→β ) (10)
Quaternion elements are non-Abelian in nature and thus represent a division
ring.
3 Field Assoiated with Dyons
Let us dene the generalized harge on dyons as [22, 23℄,
3
q = q = e − i g (i = √−1) (11)
where e and g are respetively eletri and magneti harges. Generalized






assoiated with dyons is dened as,















are respetively eletri and
magneti four potentials. We have used throughout the natural units c = ℏ = 1.
Eletri and magneti elds of dyons are dened in terms of omponents of












−−→∇ϕg −−→∇ ×−→B (13)
These eletri and magneti elds of dyons are invariant under generalized
duality transformation i.e.
{Aµ} ⇒ {Aµ} cosθ + {Bµ} sinθ
{Bµ} ⇒ −{Aµ} sinθ + {Bµ} cosθ (14)
The expression of generalized eletri and magneti elds given by equation
(13) are symmetrial and both the eletri and magneti elds of dyons may be
written in terms of longitudinal and transverse omponents. The generalized




E − i −→H (15)
As suh, we get the following dierential form of generalized Maxwell's equa-
tions for dyons i.e.
−→∇ · −→ψ = J0







J , are the generalized harge and urrent soure densities of
dyons, given by;
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Substituting relation (13) into equation (15) and using equation (12), we







−−→∇ϕ− i −→∇ ×−→V (18)
where eletri and magneti four urrent densities{jµ} = (ρe, −→j )and {kµ} =
(ρg,
−→
k )Thus we write the following tensor forms of generalized Maxwell's-Dira
equations of dyons i.e.
Fµν, ν = ∂
νFµν = jµ
F˜µν, ν = ∂
νF˜µν = kµ (19)
where
Fµν = Eµν − H˜µν
F˜µν = Hµν + E˜µν (20)
and
Eµν = Aµ,ν −Aν,µ












The tidle denotes the dual part while εµνσλ are four indexes Levi-Civita
symbol. Generalized elds of dyons given by equation (13) may diretly be



















−−→∇ρ− i −→∇ ×−→ψ (23)














Dening generalized eld tensor as
Gµν = Fµν − i F˜µν (25)
We may diretly obtain the following generalized eld equation of dyons i.e.
Gµν, ν = ∂
νGµν = Jµ (26)
where Gµν = Vµ,ν−Vν,µis alled the generalized eletromagneti eld tensor
of dyons. Equation (26) may also be written as follows like seond order Klein-
Gordon equation for dyoni elds;
Vµ = Jµ (27)
where we have imposed the Lorentz gauge ondition on both potentials and
onsequently to generalized potential. Equations ( 19) and (26) are also invari-
ant under duality transformations;
(F, F˜ ) = (F cos θ + F˜ sin θ;−F sin θ + F˜ cos θ) (28)










= −tan θ = Constant (30)
and onsequently the generalized harge of a dyon may be written as
q = |q| exp (−i θ) (31)
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The suitable Lagrangian density, whih yields the eld equation (26) under
the variation of eld parameters (i.e. potential only) without hanging the






where * denotes the omplex onjugate. Lagrangian density given by equation
(32) diretly leads the following expression of Lorentz fore equation of motion
for dyons i.e.




Where Re denotes real part and {uν} is the four-veloity of the partile.
4 Quaternion SUSY Harmoni Osillator
Let us dene bosoni quaternion osillator as the extension of omplex osillator




[â0 + e1â1 + e2â2 + e3â3] (34)





[â0 − e1â1 − e2â2 − e3â3] (35)










Then to maintain the above relations of bosoni osillator,we get the following
ommutation relation between the omponents of bosoni osillator in terms of
imaginary quaternion units i.e.
[aˆ0 , aˆ1] = e1
[aˆ0 , aˆ2] = e2
[aˆ0 , aˆ3] = e3 (37)
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or
[aˆ0 , aˆA] = eA(A = 1, 2, 3)
[aˆµ , aˆν ] = 0 ∀ µ 6= ν (38)


























(mωqˆ + e1pˆ) (41)
Then it is neessary to reover the ordinary ommutation relation [qˆ, pˆ] = i











Now we an dene the number operator as
N̂B = â
†â (43)















whih shows that aˆ and aˆ†may be regarded as annihilation and reation opera-
tors. We also have
aˆ|0〉 = 0
aˆ† |n〉 = √n+ 1 |n+ 1〉
aˆ|n〉 = √n |n− 1〉
N̂B |n〉 = n |n〉 (46)




where |0〉 is onsidered as ground or vauum state and then must be nor-
malized as
〈0 | 0〉 = 1 (48)
and thus gives rise to the familiar results
ĤB |n〉 = En |n〉 = (n+ 1
2
) |n〉 ; En = (n+ 1
2
) (49)

























b̂0 − e1b̂1 − e2b̂2 − e3b̂3
]
(51)
To satisfy the relations (50) by fermion operators given by equation (51) , it
















= 0 ∀ j, k, l = 1, 2, 3 (52)
We have dened through out the text [ , ] as ommutator, { , }as anti ommuta-
tor and εjkl is three index Levi- Civita symbol. Like bosoni harmoni osillator




~ω(bˆ bˆ† + bˆ†bˆ) = ~ω( bˆ bˆ† − 1
2
) = ~ω(N̂F − 1
2
) (53)
Where N̂F = bˆ
†bˆ and N̂F an take eigen values nf = 0, 1.The Hilbert spae
with basis vetor |n〉 is now onstruted in the following manner so that
N̂F |n〉 = nf |n〉 (nf = 0, 1)
b̂ |1〉 = |0〉
b̂† |0〉 = |1〉
b̂ |0〉 = 0 = b̂† |1〉 (54)
The energy eigen spetra of fermioni osillator have only two levels for eigen
state |0〉or |1〉 i.e. E0 = − 12~ω and E1 = + 12~ωshowing that ground state energy
of this osillator is negative i.e. E0 = − 12~ω .
Let us now onstrut a simple supersymmetri quantum mehanial system
that inlude an osillator with the bosoni and fermioni degrees of freedom
.We all it as supersymmetri harmoni osillator viewed in the frame work
of quaternion variables. The supersymmetry is thus obtained by annihilating
simultaneously one bosoni quantum and reating one fermioni quantum or vie














â† â + b̂†b̂
}











where N̂B and N̂F are respetively bosoni and fermioni number operators.
The eigen state is desribed as|nB , nF 〉 and ground state as |0 . 0〉so that
Ĥ |nB , nF 〉 = EnB , nB |nB , nF 〉 ; nB = 0, 1, 2, 3, ........;nF = 0, 1. (58)
and we also have
Q̂ |n, 1F 〉 =
√
n+ 1 |n+ 1 , 0〉
Q̂† |n+ 1, 0F 〉 =
√
n+ 1 |n , 1〉 (59)
These superharges represent onversion of a fermioni state to a bosoni
state and bosoni state to fermioni state or vie versa i.e.
Q̂† |BOSON〉 = |FERMION〉
Q̂ |FERMION〉 = |BOSON〉 (60)











for µ = 0 and α = β = 1namely one dimensional SUSY .Superharges al-
ways ommute with the usual Hamiltonian.Thus the anti ommuting harges
in quaternion formalism ombine to form the generators of time translation,
namely the Hamiltonian H . The ground state of this system is the state
|0〉osc . |0〉spin or |0〉boson . |0〉fermion = |0 , 0〉where both bosoni and fermioni
degrees of freedom are in the lowest energy state.As suh we have analyzed the
theory of supersymmetri harmoni osillator for one dimensional supersymmet-
ri quantum mehanis and putting the restrition aordingly. Other wise one
has to extend the dimensions and to loose the hermitiity of the Hamiltonian
of the supersymmetri system.Let us now try to illustrate the Supersymmetry
of Dira equation in terms of quaternion variables.
5 Supersymmetri Quaternion Dira Equation
The quaternion formulation of free partile Dira equation[6, 24, 25℄ is desribed
as,
i γµ ∂µψ(x, t) = mψ(x, t) (µ = 0, 1, 2, 3) (63)
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Let us disuss the supersymmetrization in terms of following three ases.
Case I: For mass less free partile i.e.m = 0 and external potential Φ = 0;
Equation (63 )beomes
i γµ ∂µψ(x, t) = 0 (64)
Let us onsider the following solutions of this equation as
ψ(x, t) = ψ(x) ei (
−→p ·−→x−Et)
(65)
where we have taken natural units c = ~ = 1 and as suh we get the following
form of equation
(64)i.e.
(γ0E − γ1p1 − γ2p2 − γ3p3) ψ(x) = 0 (66)












(l = 1, 2, 3) (67)
















where ψa = ψ0+i ψ1and ψb = ψ2−i ψ3.We thus obtain the following oupled
equations
Âψa(x) = E ψb(x)
Â†ψb(x) = E ψa(x) (69)
where Â = −el p̂l and Â† = el p̂l.We an now deouple equation (69) as
Â Â†ψb(x) = E
2ψb(x)
Â†Â ψa(x) = E
2ψa(x)
P 2l ψb(x) = E
2ψb(x)
P 2l ψa(x) = E
2ψa(x) (70)
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where ψa(x) and ψb(x)are eigen funtions of partner Hamiltonians H− =
Â†Â and H+ = Â Â
†











Restriting the propagation along x-axis to disuss the quantum mehanis
in two dimensional spae time,we have













































































. If ψto be
an eigen state of H+(H−), Q̂ψ(Q̂
†ψ)is the eigen state of that of H+(H−)with
equal energy.
Case II- m 6= 0but potential Φ = 0. Corresponding Dira's equation (63)
with its solution (65)is desribed as
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(γ0E − γ1p1 − γ2p2 − γ3p3 − m) ψ(x) = 0 (76)



















Aordingly ,we have the following sets of equations
Â†ψb = (E −m)ψa
Â ψa = (E +m)ψb
Â†Â ψa = (E
2 −m2 )ψa





2 −m2 )ψa,b (78)

















On the similar way we get the following relations while restriting for two

























−e†2 ddx +m 0
]
(81)
Hene we restore the property of SUSY quantum mehanis and obtain the
ommutation and anti ommutation relations same that of equation (75) for the
free partile Dira equation with mass as well.
Case III- We now disuss and verify the SUSY quantum mehanis relations
for m 6= 0 with salar potential Φ = V .We extend the present theory in the









0 −i (m+ V )






0 elpl − i (m+ V )













+ (m+ V )2 0
0 − d2
dx2












−e†2 ddx + i (m+ V ) 0
]
(85)
Equations(82) to(85) satisfy the supersymmetri quantum mehanial rela-
tions given by equation (75) and as suh the supersymmetry is veried even for
interating ase with salar potential.
Case IV- Dira equation in Eletromagneti Field-
Before writing the quaternion Dira equation in generalized eletromagneti
elds of dyons let us start with the quaternion gauge transformations. A Q−eld
(1) is desribed in terms of following SO(4) loal gauge transformations[6, 9℄;
φ → φ′ = U φ V¯ U, V εQ , U U¯ = V V = 1 (86)
The ovariant derivative for this is then written in terms of two gauge po-
tentials as
Dµφ = ∂µφ+Aµφ− φBµ (87)
where potential transforms as
A
′
µ = U AµU¯ + U ∂µU¯
B
′
µ = V BµV¯ + V ∂µV¯ (88)
and
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φ¯′φ′ = (UφV¯ )((UφV¯ ) = φ¯φ = φ20 +
∣∣∣~φ∣∣∣2 (89)
Here we identify the non Abelian gauge elds Aµand Bµas the gauge poten-
tials respetively for eletri and magneti harges of dyons desribed earlier in
setion-3.Corresponding eld momentum of equation (87)may also be written
as follows
Pµφ = pµφ+Aµφ− φBµ (90)
where the gauge group SO(4) = SU(2)e × SU(2)g is onstruted in terms
of quaternion units of eletri and magneti gauges .Aordingly, the ovariant
derivative thus desribes two dierent gauge eld strengths i.e.
[Dµ, Dυ]φ = fµνφ− φhµν
fµν = Aµ,ν −Aν,µ + [Aµ, Aν ]
hµν = Bµ,ν −Bν,µ + [Bµ, Bν ] (91)
where fµν and hµν are gauge eld strengths assoiated with eletri and
magneti harges of dyons respetively.We may now write the Dira equation as
i γµ Dµψ(x, t) = mψ(x, t)
and aordingly with some restritions and using the properties of quater-
nions we may write the Dira equation as[
m eµ(pµ +Aµ −Bµ)











where ϕa = ϕ0 + iϕ1and ϕb = ϕ2 − iϕ3and as suh we obtain the following
set of equations;
Eψa = mψa + eµ(pµψb +Aµψb − ψbBµ) ;
Eψb = mψb + eµ(pµψa +Aµψa − ψaBµ) ;
eµ(pµψb +Aµψb − ψbBµ) = (E −m)ψa
eµ(pµψa +Aµψa − ψaBµ) = (E −m)ψb
Â†ψb = (E −m)ψa = eµ(pµψb +Aµψb − ψbBµ)
Â ψa = (E +m)ψb = eµ(pµψa +Aµψa − ψaBµ)
Â†Â ψa = (E
2 −m2 )ψa
Â Â†ψb = (E
2 −m2 )ψb (93)
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where we have restrited ourselves to the ase of two dimensional super-
symmetry by imposing the ondition A
†
1 = −A1, A†2 = −A2, A†3 = −A3, B†1 =
−B1, B†2 = −B2, B†3 = −B3 to restore the supersymmetry.As suh it is possible
to supersymmetrize the Dira equation for generalized eletromagneti elds of
dyons and we obtain the ommutation and anti ommutation relations given by
equation(75) to verify the supersymmetri quantum mehanis in this ase.
6 Higher dimensional Supersymmetry
Quaternion dierential operator is dened as
∂ = −i ∂t + e1∂1 + e2∂2 + e3∂3
∂ = −i ∂t − e1∂1 − e2∂2 − e3∂3 (94)
whih desribes







and an be deomposed in to two dimensional from as











where (†) hanges only omplex quantities with one quaternion units whih
plays the role of omplex quantity (in C(1,i) ase ) and thus is equivalent to



















)we have the negative
of Laplaian −∇2 = q q† = q†qandthus desribes two-dimensional free parti-
le Supersymmetri quantum mehanis. Following Das et al[21℄ we may now
onstrut a two-dimensional supersymmetri theory in the following manner,
q = −→a · −→(∇+−→W ) (98)
where
−→
W is desribed as super potential, −→a = ax + iay and −→∇represents
the two dimensional gradient.We may now write the super partner hamiltonians










(∇j +Wj)(−∇j +Wj)− i ǫjk {∇j ,∇k} (99)
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as desribed earlier here also the urly brakets represent anti ommutators
and ǫjk is anti symmetri with ǫ12 = 1 and ǫ21 = −1.It is to be noted that
the vetor super potential naturally generates a gauge eld interation struture
resulting from supersymmetry algebra.Thus it is possible to say that we an take
quaternion supersymmetry as N = 4 real supersymmetry beause like omplex
quanties generat two dimensional real representation,aordingly quaternions
generate four dimensional real representations. thus we need to dene q in suh
a manner that −∇2 = q q† = q†q and 4-dimensional supersymmetry algebra
an be built aordingly in terms of three non ommutating quantities but
assoiative quantities like three quaternion units. ej. Let us assume that q in
free spae an be written as a linear super position in terms of pure quaternion
units onsisting non-Abelian gauge struture and are obtained from q with q =
1
































where we may write q = −→a ·−→∇with −→a =
3∑
j=1
ejaj .The vetor super potential
depends on the position as




and aordingly we may obtain the super partner Hamiltonians qq†and q†q
interms of interating super potential [21℄ with the assumption that the gauge
interation struture naturally arises from the requirement of super symmetry in
ters of quaternions and gauge theory of dyons be dealt in this manner.The gener-
alization of this theory to otonion is not possible beause of the non assoiative
nature of otonions.Seondly otonions an not be written diretly in terms of
eight dimensional matrix representation of real numbers like quaternions are
written in terms four dimensional representation of real numbers. There is the
dierene between quaternion and otonions that the quaternion satises all the
property of matries while the otonions are not and the alternativity property
18
of split otonions is still not ompetant to resolve these inonsistenies assoi-
ated with otonions. So, it is hard to write the super symmetri extension and
we will have to write it another way to visualize the supersymmetry with oto-
nions and otonion gauge theory of dyons.thus we may onlude that many of
the properties of quaternion quantum mehanis lead to the properties of super-
symmetri quantum mehanis beause in both the ases the energy is positive
semi denite and a gauge interation arises automatially when one denes the
quaternion units in terms of Pauli spin matries and supersymmetri harges
are dened aordingly. If we desribe the well known N = 4 supersymmetry,
the 4-dimensional real anti symmetri matries αjand βJ for all (j = 1,2,3)








= −2 δij [αi , βj] = 0[
αi, αj
]
= −2 εijkαk [βi, βj] = −2 εijkβk (101)
whih is the algebra of quaternions. The matries αj and βJare thus the
quaternion analogue for give 4 × 4 real matrix representation of three quater-
nion units sine the properties of αj and βJ are same as those for three non
abelian quaternion units. Thus we onlude that N=4 real Super symmetry
an be visualized as N=1 quaternion and N=2 omplex Super symmetry and
the theories of monopoles and dyons are thus be understood better in terms of
hyper omplex number system.
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